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CHAPTER 1

INTRODUCTION PROBLEMS

A viscometer has fluid contained in the annular Up=R, Q

region between two concentric cylinders. The . E
outer cylinder rotates with an angular velocity Sfﬂﬂonarycyhnde

Q, and thetorque T that isrequired to hold the ’
inner cylinder stationary is measured.

@

(b)

Note:

Assume a linear velocity distribution
across the annular region to obtain an
algebraic relationship between the
torque, angular velocity, viscosity,
cylinder height and the two radii. You
will need to use Eq. (1.1).

Rotating cylinder

Water at 10°C istested in the viscometer. Then air at 20°C is tested. Calculate
the ratio of torque for water to torque for air if Q is the same in both tests.
Viscosities for water and air are given in Appendix |.

Y oumay find it interesting to know that theinner cylinder must be held stationary
while the outer cylinder is rotated. If the outer cylinder is fixed while the inner
cylinder is rotated, the flow may become unstable. This means that a system of
vortices may occur within the annular region, and the assumption of a linear
velocity distribution will no longer apply

In example 3.2 it is shown that the height of capillary climb for water at 5°Cina5 mm
diameter tube is 6.15 mm. Calculate this height if the temperatureisincreased to 30°C.
Surface tensions for water are given in Appendix I.

Note:

Impurities in water can cause marked changes in surface tension. In fact, one
standard way to reduce capillary climb heightsin the laboratory isto add adrop
or two of ordinary detergent to each manometer tube. Therefore, you should not
interpret calculated heights of capillary climb too literally.

Mercury is an example of a fluid that does not ‘wet’ a glass surface. As a result, a
mercury meniscus is concave downward instead of concave upward asin example 3.2.
What does this mean in terms of pressures beneath the meniscus and the height of
capillary climb for a mercury manometer like the one shown in example 3.2?
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Appendix | shows that water cavitates (boils) at 100°C at an absolute pressure of
101.3 x 10° N/m?. Since water boils at 100°C at sea level, this tells us that absolute
atmospheric pressure at sealevel is101.3 x 10° N/m?, whichisagage pressure of 0 N/m?.
Therefore, as stated in the footnote on page 1.4, vaporization gage pressures can be
calculated from values given in Appendix | simply by subtracting from each absolute
vapour pressure this value of 101.3 kPa. Use this method to cal cul ate the gage pressure
at which water cavitates for atemperature of 10°C. Then convert this pressure, in N/m?,
to an equivalent height of water, in m, by dividing the pressure by pg.

Calculate for the function ¢ = (x? - y9)t3 valuesfor a¢/ox, ad/y and ad/at.

Differentiate first with respect to y and then with respect to x to obtain 6F /axay for
F = x%3. Next, differentiatefirst with respect to x and then with respect to y to obtain
o°F /ayax. Compare these two results to show that EQ. (1.27) holds for this particular
function. In fact, Eq. (1.27) will always hold for any function.

A function, ¢, isdefined by the following set of partial differential equations:

P _ 9 _
X

1
—L= x+xy and = —y+=x?
3 Y vy 02

A solution for a set of equations like this does not always exist. In fact, a solution will
exist only if 6%p/oxdy = 9?dpoyox. Differentiate thefirst equation with respectto y and
the second equation with respect to x. Then note that the two results are equal, so that a
solution for ¢ existsin this case. Finally, integrate these two equations to calculate ¢.
Make the solution for ¢ unique by requiringthat ¢ = 1 at x =y = 0.

You will seein chapter 2 that Newton’s second law, when viscous forces are neglected
becomes

-Vp+pg = pa

where g points in the direction of gravity and |g| = g = 9.81 m/s? at sealevel. In
words, this vector equation states that the sum of pressure and gravitational forces per
unit volume equal sthe product of the mass per unit volume with the accel eration. Let the
y axis point upward in aflow sothat g = - gj, and let p = x% +x3. Calculate pa,
which is avector that pointsin the direction of the acceleration vector, a.
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In general, the vector velocity field within aflow isafunction of x, y, z and t.

V = V(x,Yy,2zt)

If we follow the motion of aparticular fluid particle whose (x, y, z) coordinates change
with t, then x = x(t) and z = z(t). Thus, the acceleration of this fluid particle is
calculated from the following ‘chain rule’:

_dv v dx(t) | oV dy(t) | oV dzt) oV
dt ox dt dy dt dz dt ot

Since dx/dt, dy/dt and dz/dt are seen from Eg. (1.17) to be the fluid particle velocity
components~u, v, and w, this result becomes

av oV oV ov oV
a=— =U—+V—+W— +

dt ax ay 9z ot

The sum of the four terms on the right occurs so often in the study of fluid motion that
it is called the ‘material derivative’ or the ‘derivative following the motion of a fluid
particle’ and iswritten

t ot
where
V-V = (uiA+vjA+WI2)- iAi +in+I2i
ox ay 0z
0 0 0
=U— +V— +W—
oX ay 0z

Usethisresult to cal cul ate an expression for theacceleration vector if V. = xi - yj. Then
use Eg. (1.20) to caculate the streamlines for this flow in the region 0 <x<e and
0 <y< . Notethat thisvelocity field modelsflow inacorner if flow isallowed to ‘dlip’
along the physical boundaries, which arethe positive x axisand the positive y axis. This
kind of flow is known as potential or irrotational flow and is studied in chapter 6.
Streamlines for this flow are sketched in the solution of this problem.
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3.2

CHAPTER 3

FLUID STATICS PROBLEMS

Fluid pressure has unitsin the SI system of N/m? (= kg/m-s2), which are sometimes
called pascals. However, it is also common in engineering to describe a pressure as the
depth below a free surface in a particular fluid at which that pressure occurs. Use this
information to carry out the following calculations:

@ Convert apressure of 30,000 N/m?to the equivalent height of water and mercury.
The mass density of water is 1000 kg/m?, and the specific gravity of mercury is
13.6 at 10°C. The gravitational constant, g, is 9.81 m/s’ at sealevel.

(b) A discussion of absolute pressures, gage pressures and vaporization pressuresis
given under the heading Flow Propertiesin Chapter 1. Reread thismaterial. Then
calculate the equivalent height of water, in gage pressure, for a pressure of
absolutezero at sealevel. For aU.S. Standard Atmosphere, thispressureis-1.013
x 10° N/m? gage.

(©) Usethe information in Appendix | to calculate, in gage pressure, the equivalent
height of water at which water vaporizes at 10°C at sealevel.

) 2R
‘ —f-— p= 20/R
A
0= 0
H A P
ho
Y Av4
vV
—_—

A stagnation tube, which consists of a small diameter hollow tube with a right angle
bend, is inserted into a river to measure the flow velocity directly in front of the
stagnation opening. The principlesintroduced in Chapter 4 can be used to show that this
velocity is given by

V = /2gh,

in which h, = elevation of the point of zero pressure above the river free surface.
However, the tube has arelatively small radius, R. Thus, surface tension, o, causes a
negative pressure of

p = -20/R

5
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at the free surface within the tube. If the free surface within the tube is a distance H
abovetheriver free surface, calculatethevelocity intermsof H, o and R. Thenusethis
equation and surface tension data given in the appendix to calculate therangefor R that
would make errorsin V lessthan two per cent if the surface tension effect is neglected.
Assume awater temperature of 10°C and avaluefor H of 0.1 m.

S

b Water density = p

Tube radius = R /\fuﬁace tension = o

N — W

——Mercury density = Sp

C

A water-mercury manometer is used to measure the pressure difference across a flow
measuring device. A discontinuity in pressure of

|Ap| = 20/R
occurs across the water-mercury interface as aresult of surface tension, with the higher

pressure occurring on the concave side of the interface. Determine an expression for
(pa - pb) if H isknown.

o]
Il
L\
I

L] |

+—Water

)

@ (b)

f w——Specific gravity = S

Water isat rest in aU-tube, asshownin (a). Then afluid of specific gravity S ispoured
into the right side of the tube, and the system is alowed to come to rest. Calculate the
difference in free surface elevation, H, if the volume of introduced fluid is (tR?. The
U-tube is open to the atmosphere and surface tension effects are negligible.
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Py Y Mean sea level
Fresh water = " &
density = p et Y
14 pu—
_> d -_
Sea water

Interface density = Sp

7

Salt water is heavier than fresh water. Consequently, when fresh water in agroundwater
aquifer approaches a sea coast, the fresh water flows up over awedge of relatively dense
sea water. An approximation known as the Ghyben-Herzberg approximation assumes
that:

(1)  The interface between fresh and sea water is approximated as a surface of
discontinuity in density (the sharp interface approximation).

2 The seawater in the aquifer iseverywhere at rest, so that seawater pressures are
distributed hydrostatically everywhere.

3 Fresh water pressures are distributed hydrostatically along vertical lines. (The
Dupuit approximation.)

Use these approximations to show that the depth, d, of the interface below mean sea
level a any point is given by

d=h/(s-1)
inwhich S = specific gravity of seawater and h = elevation of the fresh water free
surface above mean sea level at the point where d is being calculated. It is usually
assumed that S = 1.025, which gives the easily remembered result

d = 40h

From this we see that, like an iceberg, most of the fresh water occurs below sea level.
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Calculatetheminimum force, F, that isrequired to hold the rectangular gate shut. Then
calculate the hinge reaction force.

v F

2R

SSNNNNNNSN

VI IIIIIIIIIA

Calculate the minimum force, F, that isrequired to hold the circular gate shut.

Piezometer tube

V W I7777 77777777 7777777777

p=0

NONOSNSSNSNNNSNNNSNNNSNINNYN

The rectangular tank of fluid has three vertical side walls. The fourth lateral boundary,
ABC, is half of aright circular cylinder. Calculate magnitudes, directions and lines of
actionfor the vertical and horizontal pressure forces per unit width on the wetted surface
ABC.

Repesat the calculation in problem 3.8 if the water level in the piezometer tube has an
elevation kR above point C.
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3.12

3.13

3.14

Show that the summation of moments about point O of the vertical and horizontal
components of the pressure forces on ABC, in problem 3.8 vanishes. Then, after
considering the direction of the pressure force acting on asmall segment of the arc ABC,
explain why the moment about point O of these pressure forces must vanish.

A homogeneous spherewith aspecificgravity S (with S < 1) istethered with aropeto
the bottom of a reservoir of fresh water. Calculate the tensile force in the rope if the
sphere is completely submerged. The sphere has adiameter of D.

9

A homogeneous solid object (specific gravity = S with S <1) floatsin areservoir of
fresh water. The object hasalength L and a cross section in the shape of an equilateral
triangle with sides of length (. As suggested by the sketch, L > (. Calculate the
submergence depth, d.

Determinetherequired rangefor valuesof S in problem 3.12 if the object isto be stable
in the position shown.

0

Water stands at a depth of 1 m in a tube that is open to the atmosphere at its top.
Calculatethe downward acceleration, a,, that isjust sufficient to cause cavitation at the
bottom of the tube when the water temperature is 10°C. (Cavitation occurs when the
water vaporizes, as discussed in Chapter 1 on page 1.4.)
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Coefficient of friction =u

o

L

7

A tank of water, which is open to the atmosphere, slides down a plane surface that is
inclined at an angle o to the horizontal. The fluid and container have atotal massof M,
and the coefficient of sliding friction between the tank bottom and planeis p. Calculate
the constant acceleration vector of the tank and fluid. Then calculate the angle, 0, that
the free surface makeswith the horizontal if the fluid movesasarigid body. Finally, use
the requirement that the downsl ope wei ght component must exceed thefriction forcefor
motion to occur to obtain sine. > pcose. Show that thisrequires 6 > 0, and then give
aphysical explanation for this result.

f,/ o= % =constant

Fluid in acylindrical tank spins as arigid body about a horizontal axis with a constant
angular velocity d0/dt = w. Obtain expressions for op/or, dp/00 and op/oz. Then
show that these equations have a solution by showing that 6°p / o0ar = 9% / arao,
% /600z = 3%p /9230 and 6%p/aroz = o%p/azar. Finaly, calculate p and show
in a drawing the position and geometry of curves of constant p relative to the tank
boundary. Then comment onthepossibility of using thismethod to manufacture concrete

pipe.

10
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CHAPTER 4

CONTROL VOLUME METHODS PROBLEMS

Pressure =p
QA &! y|_x
Fy

Flow in aconstant diameter pipe has aknown uniform flow pressure, p, aflow rate, Q,
andanarea, A. Calculatetheforcecomponents F, and F, that thepipewallsmust exert
on this flow in order to turn the flow through an angle, «, from its original direction.
What would happen if the pipeisunableto provide theseforces? For aflexiblefire hose
these force components must be supplied by afireman.

. _Xmﬁ) It
J
7

Flow passes through a streamlined fire hose nozzle and exits to the atmosphere as afree
jet. Theflow rate, Q, and thetwo radii, R and r, are known. What are the velocities
at the entrance and exit of the nozzle?

11



Control Volume Methods

4.3

4.4

45

4.6

4.7

4.8

Calculate the pressure at the nozzle entrance in problem 4.2. As explained in
Example4.3, the pressureisatmosphericinthefreejet where streamlinesare straight and
paralel. Assume that the flow velocities are large enough to allow gravity to be
neglected.

Calculate the longitudinal pressure force that the nozzle walls exert on the flow in
problem 4.2

A free jet has an initia velocity V, and is inclined at an angle « to the horizontal.
Neglect air resistance, as in Example 4.5, to calculate the jet trgectory in the form

y = f(x).

Calculate the x and y coordinates of points 1 and 2 in problem 4.5. Notice that the x
coordinate of point 2 is twice the x coordinate of point 1. It can be shown that the jet
trajectory calculated in problem 4.5 is a parabola that is symmetric about point 1.

What valuesof « inproblem 4.6 will givethe maximum y coordinate of point 1 and the
maximum x coordinate of point 2? Assumethat all variablesexcept « areheld constant.

Y

Hydraulic jump

7]
Yo
H

Flow over a spillway has a given discharge coefficient, C, that we will define by

q = Cpy29(y, - H)?

inwhich g = flow rate per unit width. Use the Bernoulli and continuity equations to
obtain an expression for y, /y, in terms of C, and H /y,. (One unwanted root of the
cubic equation for y, /'y, can be removed in the same way that thisis accomplished in
Example 4.7, and the resulting quadratic equation has only one real positive root.)

12
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Suppose in problem 4.8 that y, = 15m, H = 10 m and C, = 0.500. Cdculate the
depth, y,, the velocity, V,, and the tail water depth, y,, that must exist in the stilling
basin to hold the hydraulic jump in place.

Calculate the horizontal force that the spillway exerts upon the flow in problem 4.8.
Writetheanswerintermsof y,, y, and q. Then putinthenumbersusedin problem4.9.

* QA = Jet area

|||<]
]|

Ay = Tank area

C Ag = Jet area

A vertical free jet with a known flow rate, Q, and area, A, enters atank of water. A
circular orifice in the tank floor has an area, A, and allows a free jet with a known
contraction coefficient, C_, to exit in the downward direction. The orifice diameter is
small compared with the water depth, H. The Bernoulli eguation cannot be applied
without a head loss term aong the centre streamline because of large amounts of
turbulence and energy dissipation that occur near the inflow. Near the tank walls,
however, turbulence intensities and energy dissipation are relatively small. Apply the
Bernoulli equation along a streamline that starts on the free surface at the tank wall and
passes through the free surface in the contracted jet to calculate the water depth, H.

Thetank support structure in problem 4.11 must be strong enough to support the sum of
the empty tank weight and the force exerted by the fluid on the tank surface. Use the
expressionfor H from problem 4.11 and the momentum equation to cal culate the force
exerted on the fluid by the tank surface.

13
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A two-dimensional jet with athickness, B, and flow rate per unit width, q, strikes a
wedge. Assume that the jet speed islarge enough to allow the neglect of gravity and that
symmetry exists about a horizontal plane through the leading edge of the wedge. Show
that the deflected jet thickness, (, isgiven by ¢ = B/2. Then calculate the force per unit
width exerted by the wedge upon the flow.

4.14

— 0=

LEB
——WT =

—220=

— =

A plan view is shown for flow between bridge piers with a spacing B and a pier width
eB. Since flow between any two adjacent piers is similar to the flow considered in
Example 4.2, and since flow depths are constant in directions normal to the streamlines,
similar methods of analysis can be used in both problems. Apply the continuity and
momentum equations between cross sections 1 and 2 to obtain

3
Ll |2 :2(17e)§ -1+ elFf
Y1 Y1 Y1
- \4
inwhich F, = = Froude number
VIV1
Y;, ¥, = flow depths

14
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The cubic equation in problem 4.14 can be solved for € « 1 by noting that (y2 / yl) =1
isthesolution of physical interestwhen € = 0. Thus, aperturbation solutionfor (y, yl)
can be calculated in the following form:

é :1+€d)1+€2(l)2+...
Y1
Substitute this into the cubic equation and equate coefficients of € to obtain
F2
d)l = ! 2
1-F;

This shows that y, >y, if F, < 1 (subcritical flow) and that y,<vy, if F, > 1
(supercritical flow). However, standing waves cause this one-dimensional solution to
become inaccurate for supercritical flow.

Flow separation and turbulence downstream from cross section 1 in problem 4.14
prevented us from using the Bernoulli equation in this region. Upstream from cross
section 1, however, energy losses are negligible. Therefore, apply the Bernoulli and
continuity equations between point O upstream from the piersand point 1 in cross section

1toobtain
2 3 2
Y1 Y1 1 1 Y1 E2
_ B _ - 5 B _ 0
yo yo 2 (1 - 6)2 yo
in which
Vv
Fp = —
Yo
Yo Y, = flow depths

Since € «1 and y,ly, = 1 is the solution of physical interest when ¢ = 0, a
perturbation solution of the cubic equation in problem 4.16 can be calculated in theform

bl =1+ ed, + €, + -
Yo

Show that

Thus, y, <y, when F, < 1 andy, >y, when F, > 1. Standing waves in super-
critical flow, however, make this one-dimensional solution inaccurate when F, > 1.

15
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Control volume methods can be used to calculate the contraction coefficient for a
reentrant tube (Borda's mouthpiece!) in alarge reservoir. This requires use of both the
momentum and Bernoulli equations. If gravity is neglected, then pressures along the
dashed line abcdefg are a constant, p, since V - 0 at al points along this line.
Therefore, the net horizontal force on the control volumeis p,A,. Usethisresult in the
momentum equation. Then use the Bernoulli equation to calculate p,, and, ultimately,
show that

C =

c

N |

This result holds for both adot and a circular orifice.

16
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4.19
M = Block mass
QA u = Coefficient of
—_ sliding friction
Y s S

A high-speed liquid jet strikes the side of ablock. Calculate the constant terminal block
Speed.

4.20
c

=L

7

A landslidecompletely blocksariver that initially had avel ocity and depth of V, and y,,
respectively. Choose a control volume that moves upstream with the constant surge
speed, ¢, and use the momentum and continuity equations to show that

T

c \' 1( 1
— = = 1+
ay; 2 y2/y1

in which

Vl
= = Froude number
V91

T
|

Calculate y, and ¢ foraflowthathady, = 1 m and V, = 10 m/s.

17
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. i
=4 Plate speed = U
V,=U /
Yo

=,
|||<

A motionless reservoir of water has adepth y,. A vertical plate then creates a surge by
moving through the reservoir with aconstant speed, U. Show that the surge celerity and
depth, y,, can be calculated from

in which

F, = Y~ Froude number

Yo%

Calculatey, and c if y, =1 mand U = 1 m/s.

18



CHAPTER 5

DIFFERENTIAL EQUATION METHODS PROBLEMS

5.1

5.2

Fully developed flow in Fig. 7.1 isasolution of Eq. (7.2):
dh(x) _ y D 2u(y)
dx dy2

Choose u ~ U, = centreline velocity and y ~ B/2 to obtain an estimate for Ah over
adistance x. Then compare thiswith the following exact result calculated in Chapter 7:

g

vXUmaX
gB*?

Ah = 8

Consider theregion of developing flow between two flat platesthat isshowninFig. 7.1.
Equation (5.21) gives an estimate for the boundary-layer thickness

o} 1
L U Li/v

max
inwhich L = distance downstream from the reservoir entranceand U = maximum
velocity, which occursat adistance & from the boundary. The exact Blasius solution for
development of aboundary layer aong aflat plate gives

The Blasius solution neglects changes in both pressure and U that occur in Fig. 7.1.
Nevertheless, set & = B/2 and use Eq. (7.9) to obtain the following estimate for the
distance downstream where flow becomes fully devel oped:”

_ 0.015Re [Re _ ﬁ)
A%

wlr

Then compare this result with an approximate solution obtained by Schlichting (1968)
that is plotted below.

Flow becomesfully developed at thepointwhere & = B /2. Thereafter, velocity profilesceaseto changewith

19
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5.3
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Reproduced from:

Schlichting, H. (1968) Boundary-layer Theory, 6th edition, McGraw-Hill Book
Co., New York, pp. 176-178.

Each velocity distribution in thisfigure has a different origin that can be determined by
noticing that the velocity is zero on the top and bottom boundaries. Thevelocity scaleis
given at the bottom right hand corner of the plot.

Creeping flow occurswhen accel erations are negligible compared with the viscousterms.

(@

(b)

(©)

(d)

Consider viscousflow past aspherefor which ¢, ~ (,~0,~D = spherediameter.
Write down the equations in three dimensions that correspond to (5.1) - (5.2).
[Look at Egs. (2.4), (2.20), (2.15) and (2.28) if these equations do not appear
obviousto you.] From the continuity equation, obtain estimatesfor V and W in
termsof U = velocity of approach at infinity.

From the momentum equation, show that the creeping flow approximation

requires
a w

\Y

Re « 1 in which Re =

p ~ HU/D in which p = pressure change

The surface area and volume of a sphere are nD 2 and nD 3 / 6, respectively.
Thus, show that the pressure, viscous and total forces on the sphere have the
estimates

Fyesare ~ TDHU
Foiooe ~ TDHU/B
F-F  +F. - Xzpuu
pressure VISCOuUs 6

In 1851 Stokes obtained the solution for creeping flow past a sphere. The drag
force is given by Eqg. (7.14), and the drag coefficient is compared with
experimental data in Fig. 7.3. The experimental solution, of course, includes
acceleration terms. How do your estimates Re «1 and F ~ 7ntDuU/6 compare
with these results?

20
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Methods used in this chapter do not guarantee the existence of solutions. For
example, no solution exists for creeping flow past a two-dimensional circular
cylinder. This is because a logarithmic singularity in the two-dimensional
solution does not alow uniform flow to be approached at infinity. It can be
argued that this is not the fault of the order of magnitude estimates, since the
creeping flow approximation only holdswhen r ~ D and cannot be expected to
apply when r - «. Nevertheless, there is no other physically obvious boundary
condition that can be applied when r ~ D, and we are left without a solution in
this case. This is known as Stoke's paradox. Approximate solutions have been
obtained for slow viscous motion past both a sphere and circular cylinder by
approximating the acceleration term. This procedure is known as the Oseen
approximation.

21
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6.2

CHAPTER 6

IRROTATIONAL FLOW PROBLEMS

Examine Figs. 4.4 - 4.5 and read the discussion concerning these figures in Chapter 4.
Then discuss why theirrotational flow approximation is much more accurate for highly
accelerated flow than for decelerated flow.

Two-dimensional irrotational flow in a corner has the velocity potential

¢ =% C(x2-y2) m¥s

inwhich C isaconstant.

@ Show by direct differentiation that this expression for ¢ satisfies Eq. (6.15).

(b) Show that the positive x and y axes are streamlines and, therefore, possible
physical boundaries by showing that velocity components normal to the two
coordinate axesvanish. [i.e. Showthat u = (0, y)/ox = 0for 0<y <~ and
that v = d¢d(x, 0)/dy = 0 for 0 <x <]

(© Calculate the differencein piezometric heads between the points (1, 0) and (0O, 2)
metres.

(d) Obtain the corresponding form of (6.22) that results when gravity is neglected.

Then use this equation to calcul ate the difference in pressure between the points
(1, 0) and (O, 2) if gravity is neglected.

23
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Flow to asink next to awall can be generated by placingasink at (-L, 0) and asecond
sink of equal strength at the image point (L, 0).

(@
(b)

(©)

Write the potential function for this flow.

Calculate the velocity vector function on thewall at the point (O, y). Noticethat
the velocity component normal to the wall vanishes, which proves that the wall
Isastreamline.

Assume that the pressure vanishes at infinity. Use the Bernoulli equation to
calculatethe pressureonthewall at (0, y). Thenintegratethis pressureto obtain
the force on the wall. Neglect gravity in this calculation.

Replacethe streamline y = 0 in Example 6.1 with the ground surface to model the flow
of wind across the roof of a plastic covered tunnel house.

@

(b)

Integratethe pressure over the entireroof to show that theupward lift forceonthe
roof, per unit width, is

5 2.
F = ZRpU
3 PYs J

Supposethat air at 10° C blowsacrossa40 mlong tunnel housewith R = 10 m.
Assume that the roof and supporting structural elements are weightless. How
many men weighing 80 kg each would be required to hold down the roof in a
40 km/hr wind?

Thediverging streamlines on the leeward side of the roof suggest that flow separationis
likely to occur - atopic that will be discussed in Chapter 8. Even then, however, a
substantial lift force will be exerted on the roof.

24
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6.5

Flow past a circle of radius R to asink a (kR, 0) with k>1 can be generated by
placing asink of strength g at (kR, 0), asink of strength g withinthecircleat (R/k, 0)
and a source of strength q within the circle at (0, 0). (This result was calculated by
using an elegant bit of complex variable theory known as the Milne-Thomson circle
theorem.) The converging streamlines suggest that boundary layers are likely to be thin
and separation is unlikely if Reynolds numbers are not too low.

@

(b)

(©)

Use the potential functions for a source and sink to obtain the velocity potential
for thisflow in Cartesian coordinates.

Rewrite the potential function in polar coordinates by setting x = r cos6 and
y = r sin0. Then prove that this potential solvesthe stated problem by showing
that u = dd/or = 0 onthecylinder surface r = R.

D'Alembert's paradox, which is mentioned in Example 6.1 and proved in
Chapter 9, failsto hold when singularities exist at afinite distance from an object
in irrotational flow. In this problem a force is created on the cylinder that is
directed toward the sink at (kR, 0). Calculate the velocity u, = (1/r)96/00 on
the cylinder surface to obtain

q ksin®

U(R,0) = ——
o(R.0) TR k2 - 2kcosO + 1

Then neglect gravity and use this velocity with the Bernoulli equation to show
that the force per unit width on the cylinder is

27 2ain2
F - iRp q f k“sin“0coso 40
2
mR) 4 (k?-2kcos@ +1)
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Theintegral isdifficult to evaluate. However, one integration by parts and use of
the known integral®

} csB)  qg-._ T for k2>1
) k2 - 2kcosb +1 (k2-1)k"

leads to the final result

Fo__Pa®
2nRk(k2-1)

6.6  Show that the following expressions for ¢ satisfy the Laplace equation, (6.15). Then
calculate the corresponding stream function, {r, by integrating Egs. (6.45 a, b).

@ ¢ = Uyx + Ae" cos(kx)
® b =x7-3xy? -y
Finally, show that functions calculated for ¥ also satisfy the Laplace equation, (6.47).

6.7  Consider theflow net shownfor irrotational flow over afencein Fig. 6.12. Calculate and
plot the dimensionless ground pressure upstream from the fence

2
Pp ~ Py - 1- ﬁ
pVa2/2 Va
by using the flow net geometry and Eq. (6.68). Let point a be on the ground surface
midway between the third and fourth equi-potential contours upstream from the fence,

and let point b be on the ground surface midway between the remaining equi-potential
contours. One point on this plot can also be obtained at the point of stagnation, where
pb - pa

pr/Z

This latter result cannot be calculated from Eq. (6.68) but is obtained from Eg. (6.78).

Gradshteyn, 1.S. and |.M. Ryzhik (1965) Table of Integrals, Seriesand Products, Academic Press, New Y ork,
p. 366.
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6.8

|||<]

p= 1000kg/m3 — << 1

H

N\

9

>

\

Water exitsfrom atwo-dimensional slotinareservoir. Absolute zero pressureat sealevel
IS-10.33 m of water, and the vaporization pressure of water at 10°C is 0.12 m of water
above absolute zero. Thus, cavitation will occur at thefirst point along aboundary where
the gage pressurereaches p = -10.33 + 0.12 = -10.21 m of water. Since B/H « 1,
the velocity in the free jet is /2gH. Use these facts and the flow net on the following

page to calculate the value of H which is just sufficient to cause cavitation on the
boundary at point A.

Hint: Cavitation will occur at the point along the boundary where V isamaximum. This
Is aso the point where A's isaminimum.
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6.9

Supercritical
flow

Y %

Cassidy” used irrotational flow theory to calculate the following discharge coefficients
for flow over a spillway:

h/D Cp

1 0.715
15 0.810
2.0 0.875
25 0.920
3.0 0.937

These calculationshad w/D = 3.0 and defined C, by

q - %cm/zgm

in which g =, flow per unit width. Calculate the supercritical flow depth
v2/\gy = q2 / JJoy3<1) at the spillway base and the resultant horizontal force per
unit width upon the spillway if w = 5 m and h = 2 m. Then computetheratio of this
forceto the hydrostatic pressure force upon a portion of the dam that extends above the
reservoir free surface. Explain why you would expect this ratio to be less than unity.

Cassidy, J.J. (1965) “Irrotational flow over spillways of finite height”, Jnl Engrg Mech. Div., ASCE, Dec.,
pp. 155-173.
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6.10 Anopenchanne carriesatwo-dimensional flow rateof g = 0.5 m?/s. A vertical sluice
gateisto be used to maintain adepth of 2 m upstream from the gate. What istherequired
gate opening, b ?

6.11

A, = Orifice area

QA e
e

p= Pressure/ [CCAO = Jet area

|

Neglect gravity to show that the discharge coefficient in the definition

Q = CDAO\/W

isgiven for either adlot or circular orifice by

e

inwhich C_ = contraction coefficient = function of A /A. Calculate C for both aslot
and acircular orifice when Aj/A = 0.50.

6.12 Give one answer for each of the following multiple choice questions.

1  Which of thefollowing functionsis not a potential function for irrotational flow?

(1) x

2 vy

(3 x%-y?
(4) sinx
() xy

2 What is the x velocity component calculated from the potentia function
¢ = x3-3xy??

(1) -6xy

@ 3(x*-y?)

3 -3y?

(4) x*/4-3x%y2/2

(5) none of the choices given
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What is the stream function, ¥, for the irrotational flow that has the velocity
potential function ¢ = x3 - 3xy2?

(1) 3x%y-y+k

(2) 3x2%y+k

(3) x*/4-3x%y%/2+k
(4) x3y-xy3+k

(5) none of the choices given

Irrotational flow past acircular cylinder that isuniform at infinity and hasanon-zero
circulation is obtained by adding the potential for uniform flow to the potential or
potentials for

(1) asource

(2) asourceand asink

(3) avortex and asource
(4) avortex and adoublet
(5) avortex and asink

Which of the following choices is not characteristic of irrotational flow around a
bend between two fixed, curved boundaries?

(1) Veocitiesincrease toward the centre of curvature.

(2) Thevelocity isaminimum on the outside boundary of the bend.

(3) The pressure isaminimum on the inside boundary of the bend.

(4) Thefluid dlips aong the inside boundary of the bend.

(5) Thevelocity magnitude is zero on the outside boundary of the bend.

Which of the following choicesis not a characteristic of flow net solutions?

(1) A flow netis constructed of curvilinear squares.

(2) Veocity magnitudes decrease as the size of the flow net elements increase.

(3) Velocity ratios can be calculated only at mid-points of curvilinear squares.

(4) Any streamline can be replaced with afixed physical boundary.

(5) Flow net construction proceeds by using a method of successive
approximation.
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7

8

9

10

Which of the following is not true for high Reynolds number flow past a sharp
corner on a physical boundary?

1)
2
3)
(4)
()

A viscid flow separates at the sharp corner if theinterior angleis greater than
180°.

Theviscid and irrotational flow velocities are both zero if the interior angleis
less than 180°.

Streamlines and potential lines meet at right angles at a sharp corner in
irrotational flow.

Pressure reaches a maximum at a sharp corner if theinterior angleislessthan
180°.

A flow net cannot be used to calculate the velocity at a sharp corner.

Which of the following is not true for flow next to a physical boundary.

1)
2
3)
(4)

()

Irrotational flow dlips aong the boundary.

The normal velocity component vanishes for both viscid and irrotational flow.
A viscid flow has a zero tangential velocity component along the boundary.
Pressuresare cal cul ated from irrotational flow approximationswhen Reynolds
numbers are large.

Irrotational flow hasazero tangential velocity component along the boundary.

A free streamline in steady irrotational flow requires for boundary conditions

D
(2
3)
(4)
()

zero normal and tangential velocity components
zero normal velocity component and zero pressure
zero circulation

zero velocity

zero tangentia velocity component and zero pressure

Which of thefollowing typesof flow at high Reynoldsnumberswould not be closely
approximated with irrotational flow?

D
(2)
3)
(4)

()

Flow accelerated rapidly from a state of rest.

Flow in which streamlines converge rapidly.

Flow with relatively thin boundary layers.

Flow in which fluid particles are rapidly decelerated as they move with the
flow.

Flow accelerated rapidly from a state of motion that isinitially irrotational.
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7.1

7.2

CHAPTER 7

LAMINAR AND TURBULENT FLOW PROBLEMS

A viscometer consistsof asmall diameter = (=
tubein the bottom of areservoir. Assume A
that the reservoir level remains constant,
that theflow inthetubeisfully developed
laminar flow and that the freejet doesnot  H= constant L
contract at its exit. Calculate the fluid
viscosity in terms of the measured flow = | [-—

rate, Q, and the viscometer geometry. y
i\, Exit of free jet

Debris flows are mixtures of water, soil and rock that flow down steep hillsides when
highly saturated soil becomes unstable. It is generally agreed that the front portion of
these flowsremain laminar, although not everyone believesthat they can be modelled as
Newtonian flows. A sketch for fully developed laminar flow is shown below:

111
L

A

p =0 and

r=ﬂg—;=0 ony=H

H = constant and
u =

YL “ u(y) for fully developed flow
X \- v
R =

0
2

u=0o0ony=20

a

(&) Show that the definition of h in Eq. (2.22) give the following result for this flow:

h=-"L _xsno - y cos©

P9
(b) Sincev = 0 everywhere, Eq. (2.28 b) reducesto
h o
y

Since this equation shows that h does not change along any line paralel to the y
axis, use the definition of h in part (a) to show that h has the following value
throughout the flow:

h = -xsin® + Hcoso
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7.3

74

7.5

Thus, equating thisvalue of h with the value of h in part (a) shows that pressures
are given by

p = pg(H -y)cosd
(c) Usetheexpressionfor h in part (b) to show that Eq. (2.28 a) reduces to

2
gsnd + v dru(y) . 0
dy?
Thenintegrate thisequation and apply appropriate boundary conditionsto show that

u(y) = (yH 7y2/2)gsin6/v

(d) Calculate the flow rate per unit width
H

q=[u(y)dy

0

and the bed shear 7, = pou/dy ony = Q.

(e) Comparisons with field data made by Hunt (1994)" suggest that atypical viscosity
for adebrisflowis v = 1 m?/s. Calculate the maximum velocity [u(H )], the flux
velocity (g/H ) and the Reynolds number (Re = VL/v withV =qg/Hand L = H)
for aflow whichhasH = 2m and 6 = 30°.

Figure 7.3 shows that

~— =1
v

Is the largest Reynolds number for which Eqg. (7.18) can be used to predict a particle
terminal velocity. Calculate the corresponding values for U_and D for sand
(pS / p; = 2.65) infreshwater at 10°C. Thesewould beupper boundsfor U_and D since
increasing either of these two variables beyond these values would also increase Re
beyond unity.

A measured value for a permeability in a vertical Hele-Shaw experiment using oil is
20 mm/s for a plate spacing of 2.54 mm. What is the viscosity of the oil?

A 1:30 scale Hele-Shaw model of flow through an embankment gives g = 0.0005 m?/s
and has a permesability of K = 0.015 m/s. Calculate the corresponding value of g for
aprototype that has K = 0.003 m/s.

Hunt, B. (1994) “Newtonian fluid mechanics treatment of debris flows and avalanches’, Jnl Hyd. Engrg,
ASCE, Val. 120, No. 12, pp. 1350-1363.
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7.6

Inacareful analysisof flow instability and thetransition to turbulence, adistinction must
be made between the point of instability, which is the first point in the flow where a
disturbance becomes amplified, and the point of transition, which is the point where
turbulence extendsthroughout amajor portion of theflow. Sinceit must takeafinitetime
for aninstability to spread throughout alarger region asit istransported downstream, we
would expect the point of transition to lie downstream from the point of instability. Use
the following calculations to verify thisfor alaminar boundary layer on aflat plate:

(@ The point of instability, which is shown with Fig. 7.12, is the smallest Reynolds

number at which any disturbance can be amplified. Thisis usually taken to be

U.o,

= 420
\%

for a laminar boundary layer on a flat plate. The boundary layer displacement
thickness, &,, is about one third of the boundary layer thickness, 6, for alaminar
boundary layer. Furthermore, the Blasius solution for alaminar boundary layer is

o 5

X Ux/v

Use these two facts to show that the point of instability has an x coordinate given
by

U x
> ! -6.35 x 10*
\Y%

(b) The point of transition is usually taken to have an average x coordinate given by

U
T 5% 108
A%
for alaminar boundary layer on aflat plate, which isabout ten timeslarger thanthe x
coordinate of the point of instability. (This point of transition is shown in Figs. 8.4
and 8.5.

Schlichting (1968)" gives a detailed discussion of this idea and shows an experimental
plot that suggests that x, and x; approach each other as the turbulence intensity of the
flow outside the laminar boundary layer increases.

Schlichting, H. (1968) Boundary-layer Theory, 6th edition, McGraw-Hill Book Co., New Y ork, pp. 455-463.

35



Laminar and Turbulent Flow

1.7

7.8

Water at 5°C flows in a commercial stedl pipe that has a diameter of 100 mm. Use
Fig. 7.18to calculate f for the following velocities:

(& 10 mm/s
(b) 100 mm/s
(c) 2m/s

In each case, state whether the flow is laminar, turbulent through a smooth pipe or
turbulent through a rough pipe.

How many nozzle diameters downstream must one go in an axisymmetricjet to reach the
poi ntswhere the maximum vel ocity and maximum concentration have decayed to values
that are one per cent of their values at the nozzle exit? Repeat the calculation for two-
dimensional flow from a dlot. Although Egs. (7.57) and (7.62) appear to give very
definitive answers for this problem, a word of caution is in order. These are time-
averaged concentrations. In Fischer, List and Koh (1979) it is pointed out that the
maximum centre line concentration for a two-dimensional flow exceeds the time-
averaged concentration by almost 70 per cent.
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8.2

CHAPTER 8

BOUNDARY-LAYER FLOW PROBLEMS

The accuracy of approximation when using the Pohlhausen technique to solve Eqg. (8.6)
depends upon the form of the function that is used to approximate the velocity
distribution within the boundary layer. For example, replacement of the second degree
polynomial used in Example 8.1 with athird or fourth degree polynomial gives amore
accurate approximation to the exact solution of the partial differential equations. (Then
the governing partial differential equations must be used to determine additional
constantsin the higher degree polynomial.) A less accurate solution can be obtained by
using afirst degree polynomial:

u(x,y) = a(x) + b(x)y
Since only two coefficients must be determined, one of the three boundary conditions
used in example 8.1 must be dropped. Obtain a solution for 6/x and C, with thisfirst
degree polynomial by using the following two boundary conditions to determine a (x)
and b (x):
uix,0 =0 and u(x,0) =U

inwhich U = constantvelocityaty = 0. Thencomparetheerror of approximationwith
the error for the second degree polynomial used in Example 8.1.

The function
u(x,y) = Usinn/2) in which £ = y/5(x)
satisfies the same three boundary conditions that were used for the second degree

polynomial in Example 8.1. Use this expression for u to obtain 6/x and C, for a
laminar boundary layer on aflat plate. Then calcul ate the errors of approximation.
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8.3

8.4

8.5

o(x)= Flow depth

Air entrainment

Thelateral mixing created by turbulenceis capable, at large enough Reynolds numbers,
of mixing air into water across an air-water interface (air entrainment). Air entrainment
occurson spillwayswhen aturbulent boundary layer, which startsits development onthe
spillway crest, thickens sufficiently to intersect the free surface. Downstream from this
point the flow becomes frothy and milky white, and flow depths increase with distance
downstreaminaphenomenonknownas"bulking". Engineersare concerned with bulking
because a spillway design must include enough freeboard along the spillway sides to
prevent overtopping. Use the expression for a turbulent boundary layer thickness
calculated in Example 8.2 from the one seventh power law to estimate the distance
downstream from asluice gate at which air entrainment startsfor aflow at 10°C that has
an average velocity and depth of 10 m/s and 200 mm, respectively.

Calculate the drag force on a 100 m length of 25 mm diameter cable that is towed
through fresh water at 10°C with a speed of 20 km/hr. Assume that flow velocities are
paralel to the cable, that the cable has a roughness height of e = 2 mm and that the
results for flow along a flat plate can be used to estimate the drag force. Convert this
force in Newtons to the equivalent mass at sea level by dividing the force by
g = 9.81m/s.

Use the results of Example 8.4 to estimate the increase in depth on the downwind side
of areservoir that has afetch of 1 km, adepth of 2 m, awind speed of 30 m/s and wave
heights of € = 0.8 m. Assume that the fresh water and air both have a temperature of
10°C, and notethat the required increasein water depthis (h2 - hl)/ 2 if thefree surface
tilts as a plane. How far downwind will the reservoir edge move in the horizontal
direction if the ground has a slope of 1:1000?

38



CHAPTER 9

DRAG AND LIFT PROBLEMS

Consider the pressure distribution shown for asphere in Fig. 9.2 (b). The value of C,
for thiscaseis 0.5. Carry out the following cal culations to see what portion of the total
drag force is contributed by the constant negative wake pressure.

as

| dA = 2ardr
y

en
r A

|

|

X
VO

The force due to pressure acting on any portion, S, of the sphere surfaceis

F - [ Ap(-e,)ds

inwhich Ap = changein pressurefromitsvaueat infinity and e, = outward normal.
Calculate the component of F in the direction of the drag force by dotting F with k to
obtain
k-F = —f Apfk-e,)ds
S

Since(k -en)dS = cos0dS = dA = 2xnr dr =projectionof S uponthe xy plane, this
becomes o
k-F = —prandr
0

inwhich r, = maximum radius of the projection of S upon the xy plane. Since Ap is
constant on S, we can write
2
Ap = -€p ﬁ
2
in which e must be scaled from Fig. 9.2 (b). Thus, the contribution of the constant
negative wake pressure to the total drag is

k-F = e(nroz)p V702

What portion of the total drag isthis value?

39



Drag and Lift

9.2

93.

9.4

9.5

9.6

9.7

A smooth squareflat plate with sides of length 0.5 missubmerged in water at 10°C that
has an undisturbed flow velocity of 2 m/s. Calculate the force on the plate (a) wheniitis
aligned with the flow and (b) when it is normal to the flow. Then calculate the ratio of
these two forces.

Use the expression derived in Example 9.1 to calculate the terminal fall velocity of a
1 mm diameter sand particle (specific gravity = 2.65) in water at 10°C. Then use the
expression derived in Example 9.2 to estimate the number of diameters and the
dimensional distancethat the particlefallswhen rel eased from rest before reaching 95 per
cent of itsterminal fall velocity.

Thewind drag on abuilding in a40 km/hr wind at 20°C isto be found by using a1:300
scale model in a flume that contains water at 10°C. Calculate the prototype to model
force ratio if the water has a velocity of 0.05 m/s. Assume that the building has an
angular geometry with sharp corners so that Reynolds number and relative roughness
effects can be neglected.

The rate of fuel consumption required to overcome a force is proportional to power,
which is the dot product of the force and velocity vectors. Thus, the amount of fuel
consumed in travelling along a path between two fixed points equalsthe timeintegral of
the fuel consumption rate, and this turns out to be proportional to the work done by the
force along the path.

Fuel consumption rate < power = F -V

ty b

Fuel consumed fF -Vdt = fF -dr = Work
t a

a

Therefore, if the drag coefficient is constant, the fuel consumption rate for a car to
overcomewind drag is proportional to V 2, but the amount of fuel required to overcome
wind drag in travelling between two specified pointsis proportional to V 2. Assumethat
theValkswagenvanin Example9.4 hasamassof 1500kg, aprojected areaof 5 and C, = 042
Also assume that drag and gravity are the two primary forces that do work on the van.
Calculate the percentage increase in volume of fuel consumed for the van to go 10 km
along (a) alevel road, (b) aroad that slopes upward one degree and (c) aroad that slopes
upward at five degrees if the speed is increased from 80 to 100 km/hr. Use an air
temperature of 10°C.

It was suggested in problem 7.2 that velocities in a debris flow might be approximated
with
u(y) = (yH —y2/2)gsin6/v

Follow the procedure used in Example 9.5 to estimate the drag force on abridge pier in
adebrisflow if the bridge pier has the shape of acircular cylinder of radius R. Assume
that the flow depth, H, isless than the bridge pier height.

Choose and sketch an aerofoil with any reasonable angle of attack. Then sketch aflow

net and use Eq. (9.10) and the method shown by Eqgs (9.11) - (9.15) to calculate a lift
coefficient for the aerofoil.
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9.8  Vibrations in a tightly stretched cable, wire or rope caused by vortex shedding are
described by the following equations:

ox? ot? m

sn(wt) for 0<x</{

u@,t) =0
u,t) =0
(@) Show by direct substitution that the following function is a solution of the above
equations:
U t) = Fo | sin(wt/c) - sin(wx/c) - sinw(t - x)/c sinfot)
’ M2 sin(wl/c)

(b) The maximum magnitude of u occurs a x = (/2 when sin(wt) = 1. Thus, the
maximum magnitude of u can be written in the following dimensionless form:

Max|u| _

Fo / (Mw?)

sin(8) - 2sin(6/2) | _
sin(0)

1
cos(0/2)

inwhich 6 = wi/c = 2n(1/D)(U./c)S. Plot Max]u\/(FO/m(o) versus 6 for
0 <0 <6mn. This plot shows that Max|u| is a continuous function of the
dimensionlessfrequency 6 andthat 6 only hasto be sufficiently closeto aresonant
frequency at © = (2n - 1)7 to create large magnitudes for u.
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10.1

10.2

10.3

104

CHAPTER 10

DIMENSIONAL ANALYSIS AND
MODEL SIMILITUDE PROBLEMS

Surfacetension, o, hasunits of force per unit length (N/m). Since Newton's second law
datesthat N = ML/T 2, showthat thebasicdimensionsof ¢ inthe ML T systemare M T 2.

Molecular diffusion in laminar flow is described by solutions of the diffusion equation:
2
p & _,0c, oc
ox?2 oX ot

inwhich x = distance (m), t = time(s), u = velocity (m/s) and ¢ = concentration
(mg/litre). Use the fact that this equation is dimensionally correct (i.e., the dimensions
of each term are identical) to determine the dimensions of the diffusion coefficient, D.

The pressure gradient, dp /dx, for laminar flow in apipeisknown to beafunction of the
following variables:

inwhich D = pipediameter, V = mean velocity and p = dynamic viscosity. Use the
fact that aReynoldsnumber VD p/u isdimensionlessto determinethe dimensionsof L.
Then carry out a dimensiona analysis to show that the following variable is the only
dimensionless variable that results:

D 2dp/dx
Vu

Since there are no other dimensionless variables, this result shows that

D 2dp/dx
Vu

= constant

The numerical magnitude of this dimensionless constant is 32, but dimensional analysis
cannot determine this number. Only mathematics or experiment can do this.

A drag force of 15 N is measured on an object in a wind tunnel for a wind speed of
10 m/s. Calculate the corresponding drag force and wind speed for the prototype if the
scaleratio is 1:20 and if air temperatures are identical for model and prototype.
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105

10.6

10.7

10.8

Now assume that the points of flow separation around the object in problem 10.4 are
fixed at sharp corners so that they do not change with Reynolds number. Also assume
that surface drag isrelatively small. Then Eq. (10.18) reducesto

FIA
pU?/2

= constant

Calculate the force on the prototype for awind speed of 30 m/s.

A simply supported beam has a weight, W, suspended from its midpoint. Deflections
along the beam are calculated by solving the following problem:

dy _

EI —< = Moment = Wx/2 for 0<x<(/2
dx?
= Wx/2 - W(x - 0/2) for /2 <x<I
y(0 =0
y(® =0

Thus, the deflection is seen to be afunction of the following variables:
W
=fI %0 —
i)

Use a dimensiona analysis to show how you would plot the results (calculated or
experimental) dimensionlessly.

The flow rate seeping through an earth embankment is a function of the following
variables:

q =f(,K,H)

in which q = flow rate per unit width, ¢ = base width of the embankment, K =
coefficient of permeability (m/s) and H = reservoir depth. Use adimensional analysis
to show how you would plot resultsfrom either amodel study or cal culations so that they
could be used for all geometrically similar embankments.

A 1:30 scale model of aspillway measuresaflow rate per unit width, g, of 0.05 m?%sfor
ahead, H, of 0.1 m. Assume that flow depths and velocities are large enough to allow
Reynolds number and relative roughness effects to be neglected. Follow the procedure
used in Examples 10.1 - 10.2 to calculate corresponding values of q and H for the
prototype.
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10.9

10.10

10.11

The pressure distribution along the floor of astilling basin isafunction of thefollowing
variables:

p=f(xp U, gH)

inwhich p = pressure, ( = stillingbasinlength, x = coordinateof thepointwherep is
measured, p = fluid massdensity, U = approach velocity, g = gravitational constant
and H = flow depth. Carry out adimensional analysis, putting the final resultsin the
form of standardized dimensionless variables where possible.

\v4 Radius R

AN

7

The horizontal force per unit width, F, on acurved sluice gate on a spillway crest isto
be studied experimentally. Use adimensional analysisto show how you would plot the
resultsinageneral way. Then assumethat you want to study theflow rate per unit width, g,
and repeat the exercise.

{ |
AV4

L = b
U /O Ap = mass density difference
p = fluid mass density

\ o-O"

Z

The trgjectory of a buoyant particle released on the bottom of an open channel isto be
used as a flow meter to measure the flux (average) velocity, U. The variables are

U = f(H,Q,gﬂ)
p

Show how a dimensiona analysis would alow you to plot the calibration data in a
genera way.
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Az,

\4 Fluid interface

W
e

P1

10.12

Zp

} Mo = 0,024

— A

An axisymmetric jet is directed upward at a fluid interface to study the maximum
interface deflection, Az_. Show how you would plot the experimental results if the

nozzleis submerged deeply enough to act as a point source of momentum. Assumelarge
Reynolds numbers with highly turbulent flow.
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11.2

11.3

114

CHAPTER 11

STEADY PIPE FLOW PROBLEMS

Use Fig. 7.18 to determine f for the following flows:

(@ Re=1x10° and e/D = 0.001
(b) Re = 1.5 x 10® and e/D = 0.001
(0 U =5mls, D = 100 mm for water at 10°C

in commercial steel pipe.

AV
—_— A

Pipe length = L
K=02 e = 0.175mm

v =1.31x10°m%/s

r

Sketch the hydraulic and energy grade lines. Then write an algebraic equation that could
be solved for the flow rate in the pipe.

Calculate the flow rate in problem 11.2if H =50m, L = 200m, D = 100 mm and
d = 50 mm. Then calculate the ratio of minor to friction loss terms.

Elevation = 270m

L = 100m 77 o
D = 25mm 7
Elevation = 210m € = 0.001mm

V=

PL

Water at 5°C

Sketch the hydraulic and energy grade lines. Then cal cul ate the power required to drive
the pump if the pump efficiency is 85 per cent, if the flow velocity in the pipeis 3 m/s
and if local lossesare negligible. Finally calculate the input power for apump motor that
1S90 per cent efficient.
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11.6

11.7

Rework problem 11.4 by including local losses at the pipeinlet and outlet. Theinlet loss
coefficient isgiven by Table 11.1, and the outlet loss coefficient isgiven by Eq. (11.6 b)
with A, = «. Caculatethepercentagedifferencesbetween your answersandtheanswers
obtained by neglecting local losses.

AV

A pumpisused in reverse as aturbine and has an efficiency of 60 per cent aswater runs
under gravity to the lower reservoir. Sketch the hydraulic and energy grade lines. Then
write two algebraic equations that could be solved simultaneously with a characteristic
curve for the "turbine" to determine the flow rate, the change in head across the turbine
and the power delivered by the "turbine” to the drive shaft. Include local loss terms for

the inlet and outlet.

—_— [ b 1z v = 1.31x10°m%/s
Q=0.1m%s L c ]
Pipe L D f
a 60 m 100 mm 0.02
b 50 m 75 mm 0.01
(o 60 m 50 mm 0.015

Use Egs. (11.13) - (11.15) at nodes 1 and 2 to obtain two equations with the heads at
thesetwo nodesasthe only unknowns. Show that these two equationsareidentical sothat
h, and h, arenot determined uniquely from thesetwo equations. Then obtainfromeither
one of these equationsthe uniquesolutionfor Ah = h, - h, and for theflow ratein each

pipe.
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12.8

CHAPTER 12

STEADY OPEN CHANNEL FLOW PROBLEMS

A rectangular open channel has a width of 8 m and a flow of 5 m*s. Calculate the
downstream depth and gate opening height if a dluice gate is used to maintain an
upstream depth of 1 m.

A rectangular open channel has a width of 8 m and a flow of 5 m¥s. Calculate the
downstream depth and gate opening height if a dluice gate is used to maintain an
upstream depth of 2 m.

Calculatethe upstream and downstream depthsin problem 12.1 if the gate opening height
is0.2m.

A rectangular channel has awidth of 3 m and aflow of 4 m¥/s. Calculatethe height, Az,
of a hump that can be placed in the channel to cause a hydraulic jump to stabilize
immediately downstream if the normal depth that would occur with no hump present is
calculated from Eq. (12.34) as 1.5 m. What is the depth immediately upstream from the
hump? (Assume that normal depth occurs on the downstream side of the jump. Y ou will
haveto change dlightly the equationsderived in Example4.7 to cal culate the depth on the
upstream side of the jump.)

Explain with sketches and words what would happen as the downstream water depthin
problem 12.3 israised gradually to the depth just upstream from the hump. Then explain
what would happen if the downstream depth is increased still more.

A rectangular channel has awidth of 4 m, aflow depth of 2 m and aflow of 6 m¥/s. The
channel width narrowsto aminimum at thetop of ahumpthat hasariseof Az = 0.2 m.
Calculate the channel width at the hump that is just sufficient to choke the flow.
Calculate the flow depth at the hump in problem 12.5 if the channel width thereis3 m.

Calculate the flow depth just upstream from the hump in problem 12.5 if the channel
width at the humpis1.3 m.
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12.10

1211

12.12

12.13

T
11 im
|

2m im 2m

Calculate and plot the specific energy diagram, y versus E, for the channel shown
above. Use the plot to determine critical depth for this flow.

Calculatethe uniform flow vel ocity and discharge at 10°C for arectangular cross section
if B =5m,y=2m,e =015mand § = 1:3000.

Calculate the uniform flow depth for the channel in problem 12.10if Q = 4 m?s.

Figure12.10 doesnot show thefreesurfaceprofilesthat result when y, =y, . Determine
and sketch the profile behaviours for this case.

Horizontal §
o=

A steep channel is joined to a horizontal channel that terminates with a free overfall.
Critical depth occurs at the beginning of the steep slope and at the end of the horizontal
slope. Sketch and label the free surface profilesin each reach if

(8 ahydraulic jump occurs on the steep slope, and

(b) ahydraulic jJump occurs on the horizontal slope.

(c) Explain what set of conditionswould cause the jJump to be swept over the overfal
sothat y <y, at the brink. Show the result with a sketch.
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12.14

12.15

12.16

Supercritical flow from a spillway enters a channel reach with a mild slope. The mild
reach isjoined to avery long steep reach that has negligible backwater effects. Sketch the
free surface profilesthat result (a) if ajump occursin the mild reach and (b) if no jump
occursin the mild reach. Then state what conditions will cause case (b) to occur.

Flow exitsfrom aspillway onto ahorizontal channel with avelocity and depth of 20 m/s
and 1 m, respectively. Calculate the Froude number for this flow to verify that it is
supercritical. Then use one step in y and the method shown with Eq. (12.47) and
Example 12.7 to cal cul ate the distance downstream to the point where the depthis 1.1 m.
Assume that f = 0.06 and that the channel is wide enough to alow R to be
approximated with the depth.

Calculate the tailwater depth that would stabilize a jump 20 m downstream in
problem 12.15. Carry out the backwater calculation using one step in x and the method
shown with Egs. (12.48) - (12.49) and Example 12.8. Results from Example 4.7 will be
helpful.
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CHAPTER 13

UNSTEADY PIPE FLOW PROBLEMS

Consider the following problem:

X@ +@ =1 for -wo<X<o and O<tw
oX ot

Gd(X,0) = x for -o<X<w

(&) Writethe partial differential equation in characteristic form.

(b) Show in asketch of the (x, t) planethe qualitative behaviour of characteristics that
leave the positive x axis, the origin and the negative x axis.

(c) Solve the problem, obtaining both the parametric and non-parametric forms of the
solution.

Consider the following problem:
9 , 9%
oXx ot

d(x,t) =0 adong x = Ut for O0<t<w

=t for -wo<x<ow and -wo<t<e

(@ Show in asketch of the (x, t) plane the curve aong which ¢ is prescribed. Then
use the geometry of this curve and the geometry of the characteristics to show that
this prescription of initial datais sufficient to allow ¢ to be calculated everywhere
in the solution domain [the entire (x, t) plan€].

(b) Calculate the problem solution.

Solve the following problem:

t@+@
aX ot

d(x,0) =0 for O<x<oo
$(0,t) = /(L +t) for O<t<w

—e! for 0<x<w and 0<t<w

Obtain both the parametric and non-parametric forms of the solution. Then calculate the
discontinuity in ¢ that occurs across the characteristic that passes through the originin
the (x, t) plane.
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13.6

Use the method of characteristicsto obtain, in both parametric and non-parametric form,
the solution of the following problem:

ﬂav

+ — =0 for 0<x<wo and O0<t<w
oX ot
ﬂ +@:O for 0<x<wo and O0<t<ow
X ot

u(x,0) = sin(x) for 0<x<w
V(X,0) =0 for O0<X<e
u(0,t) = sin(t) for O<t<e

The equations of unsteady open channel flow are

oh ou ou

- + U == + = = _
g oX oX ot g(Sb Sf)
§] a_h + h ﬂ + a_h =0

oX oX ot

inwhich g = gravitational constant, h = flow depth, U = flux velocity, x = distance
along the channel, t = time, §, = channel slope and S = friction slope given by
Eq. (12.20).

(@) Show that these two simultaneous equationswith h and U as unknowns have two
families of characteristics and, therefore, can be solved by using the method of
characteristics. [Multiply the second equation by an unknown parameter, A, add to
the first equation and choose A so that the derivativesof h and U are aong the
same curveinthe (x, t) plane]

(b) By setting ¢ = y/gh and h = c%g in the characteristic form of the equations
obtained for part (a) show that these equations become

dU + 2c) dx

o =9($ - §) alongE:U+c
—d(Ud—tzC) =9($ - §) dong %Uc

Since these equations give disturbance speeds of dx/dt = £¢ when U = 0, we see
that ¢ = \/gh is the speed of a disturbance or wave in still water, when U = 0.
Furthermore, since dx/dt isafunction of the dependent variables U and c, shockscan
appear in the solution of these equations.

Subcritical flow has U < ¢, and supercritical flow has U > c¢. Thus, subcritical open
channel flow isseenfromtheresultsof problem 13.5to haveonefamily of characteristics
sloping downstream and one family sloping upstream. On the other hand, supercritical
flow has both families of characteristics sloping downstream with different slopes. Use
this information to discuss what boundary and initial conditions must be prescribed to
calcul ate unsteady open channel flow solutionsin both subcritical and supercritical flows
forO<x<L and O<t<oo,
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13.7

_/

——————————————— ———- Datum

One-way valve

Pipe length = L

Power failure to a pump causes a valve on the upstream side of the pump to shut
instantaneously and to remain shut for 0 <t <. Neglect all losses, and assume that
maximum risesin piezometric head are very much greater than H. Calculate and plot the
variations of h at the valve and of U at the entrance to the upper reservoir for
O<t <8L/c. Notice that you can calculate U and h at the boundaries x = 0 and
x = L relatively easily from Egs. (13.43 & b) without having to calculate U and h at
internal points.

13.8 Theuse of Egs. (13.50) - (13.52) isrelatively complicated and usually requires the use

of a computer. However, some feeling for the effect of finite valve closure can be
obtained by solving the following relatively simple problem:

U + ghlc

k, dong x-ct = x,

1

U - gh/lc = x; dong x+ct =x,
h(,t) =0 for O<t<w
h(x,0) =0 for O<x<L
U(x,0) = U

U(L, t)

0 for O<x<L

(1-t/T)y, for O<t<T

=0 for T<t<e
Since all boundary and initial conditions are continuous, no discontinuitiesin h or U
will appear in the solution. Assumethat T > 4L/c.

t A
Lic |— —
| B

N Ny

Use U - gh/c = x, along AB to show that

(©

U@, t) = U, for O<t<Ll/c.
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(d)
A
2L/c +— —
Llc }— — U=14T)U,
/D
0 -
0 C u=uy, L X
Use U +gh/c = x, along CD to show that
t cU,
h(L,t) = — — for 0<t<2L/c.
T 9
(©
t A
T 3L/C — -
h=0 a2ljc — —
F
U= (1-4/T) U,
Llc — —
_tel,
h = T E
E j
0 -
0 L X

Use u - gh/c = x; and x + ct = k, dong EF to show that
t-L/c)
T

u(o,t) =[1—2 ( }UO for L/Ic<t<3L/c
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(d)

¢ A
4L/c +— —
3L/c — | U=@a4muy,
’ H
h=0
2L/c — — ¥
t-Ljc
U=[1-2(T )]UO
J_ G
Lic |— —
0 -
0 L X
Use U +gh/c = x, and X - ct = k, along GH to show that
~t) cuU
h(L,t) - (4L’$ ) %P0 tor aLc <t <aLlc
g

(e) Sketch a qualitatively correct plot of h(L,t) versus t for O<t <4L/c. Then
comment upon the significance of the result for the maximum value of h.

(f) Supposethat L = 100m, U, = 20m/sandthat h hasamaximum allowable value
of 30 m. What is the corresponding minimum vaue for T ?
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CHAPTER 14

UNSTEADY OPEN CHANNEL FLOW PROBLEMS

The Saint-V enant equations can belinearized to describe shall ow water waveswith small
amplitudesinwater that wasinitialy at restby settingU = U’andy = h +y’inwhichh =
constant depth of the undisturbed water and U’ and y’ are relatively small changesin
velocity and depth fromtheinitial valuesof zeroand h, respectively. Substitute U = U’
and y = h+y’ in the Saint-Venant equations with $ = § = 0 and neglect second-
order termsin U’ and y’ to show that

/ /
ga_y+au =0

oX ot

/ /
haU +a_y:0

oX ot

Then show that the characteristic form of these linearized equationsis given by

d g dx

— | U 21 =0 dong — = 4gh
at |~ "\ h S TEAL
d g dx
—|U-y[2] =0 dong == = -y/gh
dt y\ h g dt 9

In which primes have been omitted for notational convenience.

A vertical wall in a semi-infinite reservoir starts to vibrate sinusoidally as a result of
seismic motion. Solve the equations in problem 14.1 with the following boundary and
initial conditions:

u(o,t)
U(x,0)

U sin(wt) for O<t<e

y(x,0) =0 for O<x<w

This solution, which can be used to calculate water pressures and moments on the wall
and wave amplitudes in the reservoir, assumes that

(1) Wave lengths are large compared with the undisturbed water depth, h.
(2) Wave amplitudes are small compared with h.

Assumption (1) wasmadeinthederivation of the Saint-V enant equations, which assumes
that velocity distributions are uniform and pressure distributions are hydrostatic along
vertical lines. Assumption (2) wasmadein linearizing the Saint-V enant equations. Obtain
the wave length and amplitude from your solution and use them to put these restrictions
in the form of two inequalities.
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14.6

Flow released below a hydroelectric reservoir will gradually raise the water level to one
metre above its present level. The channel slope is 1:150 and f = 0.08. Interpret the
statement a » bto mean a > 10b to estimate the minimum time period over which the
water level increase should be distributed if the kinematic wave approximation isto be
used for routing the flow downstream.

Usethekinematic wave approximation and disregard the presence of shocksand multiple
valuesfor y(x, t) to caculate y for the following boundary condition:

y(O, 1) = y,(t) =1 for —e<t<Oand 1<t<w

1+sin(wt) for O<t<1

Then plot y versus x onthesamegraphfor t = 1/2, 2/ and 2 after setting

3| 8g
—.|= =1
2\ f >

The solution is multiple-valued for values of t > 2/m, and it is always easier to plot
multiple-valued solutions by using the solution in its parametric form.

The coordinates of the kinematic wave "nose" are given by
Lo Yo (t)
Yo(7)

X =3 yO/(T) 89 Yo (1) S
Yo (%) f

The shock initial point occurs at the value of © that makes t aminimum.

t=1

(a) Differentiate the expression for t with respect to t. Then discuss what types of
curvatureof theinflow depth hydrographnear t = 0, determinedfromthesignof yo// (7),
may lead to arelative minimumfor t with t > 0 and what types of hydrograph will
alwayscause t to achieve an absolute minimumat t = 0.

(b) Calculate the shock initial point for the inflow depth hydrograph used in problem
14.4,

Use a graphical technique to estimate the shock location at t = 2 from the solution
plotted for problem 14.4.
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